JOYCE-SONG WALL-CROSSING AS AN ASYMPTOTIC 

EXPANSION 



JACOPO STOPPA 

Abstract. We conjecture that the Joyce-Song wall-crossing formula for Don- 
aldson-Thomas invariants arises naturally from an asymptotic expansion in the 
field theoretic work of Gaiotto, Moore and Neitzke. This would also give a new 
perspective on how the formulae of Joyce-Song and Kontsevich-Soibelman are 
related. We check the conjecture in many examples. 



1. Introduction 

Donaldson-Thomas invariants [Th] are the virtual counts of Gieseker or Mum- 
ford semistable coherent sheaves with fixed Chern character a on a Calabi-Yau 
threefold X with H^{Ox) = 0. A complete theory in this generality has been de- 
veloped in [JS]. More generally (often conjecturally) one can replace Coh(X) with 
a suitable 3-Calabi-Yau category endowed with a Bridgeland stability condition 
a. The main work in this direction is [KS]. 

The virtual count DT(a,(T) is then a locally constant function of a stability 
condition a with values in Q. However when a crosses certain real codimension 1 
subvarieties of the space of stability conditions (the walls) the invariants DT(a, a) 
jump in a complicated, universal way. One way to understand this wall-crossing 
behaviour is the Joyce-Song formula, equation (78) in [JS]. 

Our starting point is an observation of Joyce in [Jl] page 58: "The transfor- 
mation laws for Calabi-Yau 3-fold invariants [...] will also be written in terms of 
sums over graphs, and the author believes these may have something to do with 
Feynman diagrams in physics". 

Explicitly, in Joyce-Song theory the wall-crossing is given by: 

DT(a,a+) = J] Hi 

— U(ai, . . . ,a„;(T=p) 

n>l aiH \-OLn=a 

J] (-l)<-""^)(a„a,)nDT(a,,^_) 
T {i-^i}cr k 

(1.1) 

summing over effective decompositions ^ • Ui of the X-theory class a (weighted 
by the combinatorial coefficients U) and ordered trees T (with vertices labelled by 
{1, . . . ,n}). The brackets here denote the Euler form. The details are explained 
e.g. in [JS] Section 5. The coefficients U(ai, . . . , a^; cr=p) are complicated functions 
of the cohomology classes a, and of the slopes //^(a) (or of some analogue notion, 
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e.g. central charges Z±{ai) or reduced Hilbert polynomials p{ai)). Determining 
these coefficients is the main practical difficulty in applying the formula (1.1). 

Naively the formula (1.1) seems to be at odds with Joyce's remark: after all 
there is nothing here that could play the role of a coupling constant, and explicit 
examples show that the contributions of trees of different size may all have the 
same magnitude, with a lot of cancellation occurring, see e.g. [St], [MPS]. 

The purpose of this paper is to point out that a possible solution to this puzzle, 
which is valid at least in the context of many examples originating from physical 
theories, follows naturally from the work of Gaiotto, Moore an Neitzke [GMNl]. 
Before we explain roughly how this works in the rest of this introduction, we 
summarize the discussion below by the slogan that while (1.1) is not itself an 
asymptotic expansion, it is the footprint of such an expansion, that is what 
remains of it when we approach a certain singular locus in the theory. 

From a mathematical viewpoint the main object of study in [GMNl] is a set of 
(exponential, holomorphic) Darboux coordinates X'y{C) on a moduli space of sin- 
gular Higgs bundles Ai (belonging to a certain class, which we will specify later 
in concrete examples). We always fix the gauge group SU{2). The hyperkahler 
metric constructed from Af^(C) is conjecturally the Hitchin metric gji (depending 
on a positive parameter R). As we will recall, while in general there is no closed 
formula for these coordinates, there exists however a natural asymptotic expan- 
sion for X^{C) (equation (2.13) below) around the so-called semiflat coordinates 
the expansion parameter being the volume of the fibres of the Hitchin 
fibration det : — )• as i? — )• oo (where B is an affine space of meromorphic 
quadratic differentials). The terms in this asymptotic expansion are indexed by 
trees T labelled by elements 7 E F, the (dual of the) local system of homology of 
the fibres, and the contribution of a tree T with n vertices at generic points of 
A4 is of order less than e~"^, as i? — )• 00. 

Donaldson-Thomas type invariants in this context arise from the physically 
defined BPS spectrum 0(7; n), a locally constant Z- valued function on B. One 
can then make a formal definition DT(a;n) := X]fc>i — A precise mathe- 
matical definition of the BPS spectrum i}{a;u), as well as the identification of 
the numbers DT(q;; u) with suitable Donaldson-Thomas invariants, is the object 
of much current investigation (in particular work in progress of Bridgeland and 
Smith [Sm]). As we will briefly mention, the heuristic geometric interpretation of 
the numbers 0(7; u) is that they enumerate special trajectories of the quadratic 
differential A^(n) (or rather of any of its rotations e*^A^(w)), representing the ho- 
mology class 7. Moreover in all the examples we will consider the BPS spectrum 
0(7; u) could be defined rigorously in terms of semistable representations of a 
suitable quiver associated with Ai. But for most of the time in this paper we 
will leave aside these deeper aspects, and concentrate only on the wall-crossing 
behaviour of these invariants. Eventually we will arrive at a conjecture which is 
independent of the particular formulation of [GMNl] . 
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Now the leading corrections (of order e ) to are easily determined in 

terms of the BPS spectrum 0(7; u). However the estimate e"""^ for the contri- 
bution of a tree T with n vertices is only valid away from a codimension 1 subset 
MS C B, the so-called wall of marginal stability. In general the contribution of 
T has a jump across MS which is of leading order e~^. Continuity of the hy- 
perkahler metric requires cancellation, and so the existence of a corresponding 
leading order correction across the wall. We conjecture, and prove in a number of 
examples, that this procedure yields the Joyce-Song wall-crossing formula (1.1). 
Let T' be a F-labelled tree. 

Conjecture 1. The total contribution to wall crossing given by all the choices of 
a root for T' in the Gaiotto-Moore-Neitzke asymptotic expansion (2.13) matches 
the total contribution to the Joyce-Song formula (1.1) given by all the possible 
orientations of T' ■ 

This approach explains why (1.1) retains the structure of an asymptotic ex- 
pansion (where the "coupling constant" has disappeared), and also offers an 
interpretation for the U functions in terms of certain integrals Q-riO- We mention 
some other points of interest of Conjecture 1. 

• It seems striking that the Joyce-Song wall-crossing formula, which fol- 
lows from the complicated theory of Ringel-Hall algebras, should emerge 
naturally from the GMN asymptotic expansion, which is obtained from 
a rather transparent superposition principle (the integral equation (2.4) 
below) and a standard (at least for Physicists) asymptotic analysis. 

• As a byproduct one would also obtain a new viewpoint on the equivalence 
of the wall-crossing formulae of Joyce-Song and Kontsevich-Soibelman 
[KS]. Indeed the original motivation of GMN was to offer an interpre- 
tation for the latter formula. Quoting from [P] "[...] it should be noted 
that the Kontsevich-Soibelman wall-crossing formula (and to a lesser ex- 
tent, the Joyce-Song formula) has already been derived or interpreted in 
various physical settings". Conjecture 1 would imply that in the GMN 
setting the interpretation of the two formulae is essentially the same. 

More precisely in [GMNl] the authors argue that the Kontsevich-Soibelman for- 
mula arises as a continuity condition for the holomorphic Darboux coordinates 
Af^(C), when one describes them as the solution of a suitable infinite dimensional 
Riemann-Hilbert problem. The Riemann-Hilbert problem can be recast as an in- 
tegral equation, (2.4) below, which by standard arguments has the formal solution 
(2.13). So Conjecture 1 would lead to the following viewpoint: the Kontsevich- 
Soibelman formula follows simply from the existence of a continuous solution to 
the Riemann-Hilbert problem. If one actually tries to write down a solution us- 
ing the asymptotic expansion (2.13), then the continuity condition becomes the 
Joyce-Song formula (1.1). 

• Conjecture 1 could be a first step in addressing two additional important 
problems: comparing GMN theory with the works of Joyce [J2], Bridge- 
land and Toledano-Laredo [BT]; and using the recent motivic extension 
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of GMN theory (see e.g. [GMN3]) to describe a motivic extension of the 
Joyce-Song formula (or recover it, when available, as e.g. in the work of 
Chuang, Diaconescu and Pan [CDP]). 

Notice that there are other conjectures in the literature which aim at comparing 
wall-crossing formulae obtained by physical arguments with those of Kontsevich- 
Soibelman and Joyce-Song, e.g. in the work of Manschot, Pioline and Sen [MPS]. 
Finally we should point out the papers of Chan [C] and Lu [L] , which also study 
[GMNl], [GMN2], although with a completely different focus. While these works 
are concerned with the mirror-symmetric interpretation of GMN theory (in the 
local Ooguri-Vafa case for [C] , and much more ambitiously for moduli of singular 
SU{2) Hitchin systems in [L]), we concentrate only on the asymptotic expansion 
(2.13) and its connection with the formula (1.1). 

The plan of the paper is the following: in Section 2 we give a brief introduc- 
tion to the basics of GMN theory which is suitable for our purposes, focusing on 
the class of examples which we will consider, namely the SU{2) Seiberg-Witten 
theories with < Nf < 3. Starting from 2.6 we also present some computations 
involving the GMN connection and the GMN asymptotic expansion, which are 
implicit in [GMNl], with the aim of explaining why Conjecture 1 could play an 
important role in comparing with [J2], [BT]. In Section 3 we explain Conjecture 
1 in detail, checking it in many examples, and giving a purely combinatorial for- 
mulation at least for Nf = 0. 

Acknowledgements. Many thanks to Tom Bridgeland, Tudor Dimofte, Hein- 
rich Hartmann, Marti Lahoz, Emanuele Macri, Sven Meinhardt, Ryo Ohkawa, 
Ivan Smith and Richard Thomas for useful discussions. The author is especially 
grateful to Daniel Huybrechts. This work was partly supported by the Hausdorff 
Center for Mathematics, Bonn and Trinity College, Cambridge. 

2. Some general theory 

2.1. Connection to moduli of Higgs bundles. We concentrate for definite- 
ness on the class of moduli spaces of singular SU (2) Higgs bundles on con- 
sidered e.g. in [GMN2] Section 10 (see also [DCS]). In the context of [GMNl] 
these correspond to the celebrated class of SU{2) Seiberg-Witten theories with 
< Nf < 3. While the theory of [GMNl] applies much more generally, and 
many interesting features and problems appear at higher genus, here we are only 
concerned in gathering enough motivation for our interpretation of (1.1) as the 
footprint of an asymptotic expansion, and we believe that this is offered already 
by this rather limited class of moduli spaces. In the rest of this paper M will 
always denote one of these < Nf < 3 moduli spaces (hopefully which one will 
be clear from the context). 

2.1.1. Standard Seiherg- Witten theory. The Nf = case corresponds to moduli of 
pairs {A, ip) of a su(2) connection A and Higgs field </5 on which solve Hitchin's 
equations and are singular at z = 0, oo, with model singularity e.g. at given by 
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(up to gauge transformations) 



A / l\ dz , /-i 0\ / dz dz 



"^^'WrAe-'' T' ^ ' V 



(here Q = arg(z) and A G C is a complex parameter, with |A| corresponding to an 
energy scale). The Hitchin fibration (A, 93) 1— )• det(/3 maps to an affine space 
of meromorphic quadratic differentials ;B = C, parametrized by 

. /A2 2u A2\ ^ 2 

By the general theory the fibre of det over generic n E ;S is a smooth elliptic 
curve, the Jacobian of the compactification of 

, n A^ 2n A^ 

Z'^ z^ z 

So a smooth fibre A4u is (the Jacobian of) a double cover of ramified at 
{0, 00, ^jp}, where 

zt = -l±Ml\" -I. 



(the "turning points"). The turning points collide to = =Fl when u = ibA^. 
The corresponding fibres A4±f^2 are nodal elliptic curves. There is a canonical 
meromorphic differential A = wdz on E„ for generic u, known as the Seiberg- 
Witten differential. The local system on i3 \ {itA^} with stalks -ffi(S„,Z) is 
denoted by T and known as the charge lattice. F is endowed with a nondegenerate 
skew-symmetric pairing (•,•), coming from the intersection form on //i(S„,Z). 
The crucial quantity for us is the central charge, an element of T* (8) C defined by 
integration of A, 



Zj{u) = Xu 
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The wall of marginal stability MS C 5 is the closure of the locus of n G i3 
for which {Z^{u) : 7 € F} C C is 1-dimensional. It is a smooth real analytic 
curve inside B, and in particular it contains the singular points itA^ (because a 
generator of ffi(Stj,Z) vanishes there). One can show that the curve MS C B 
disconnects B into two components, a bounded one which we denote by B^, and 
an unbounded region denoted by B^ (physically, the bounded region corresponds 
to strong coupling, the unbounded one to weak coupling). 

2.1.2. Nf = 1. The Nf = 1 case corresponds to the meromorphic quadratic 
differentials 

, n / A^ 3n 2Am . o\ , 9 
X = i ^ + ^ + + A^ dz^ 



z^ z"^ z 



parametrized hy u £ B = C (for a fixed value of the complex parameter m). We 
will specialize to the most singular (and thus most interesting) situation when 
m = 0. Then the generic fibre Mu is a smooth elliptic curve, (the Jacobian of) a 
double cover of ramified at z = and at the turning points, the three distinct 
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roots of the cubic A^z^ + 3uz + A^ (notice that now oo is not a ramification point). 
There are three singular values of u, namely = |A^, for which two turning 
points collide; the singular fibres are again nodal elliptic curves. The definitions 
of the charge lattice and the central charge are unchanged. As above B splits 
into regions divided by the real analytic curve MS. 

2.1.3. Higher Nf. In the remaining cases the quadratic differentials are given by 

2 _ 1 (i^ + ^ + + ^ + A2) for = 2, 
^ " U^+(^ + ^ + t^ + A^)^.^forAr, = 3. 

In the Nf = 2 case we will specialize the parameters mi,m2 to zero, giving the 
most singular case 

The usual decomposition of B into B'^ and B'^' is still valid. This is also true for 
Nf = 3, for a suitable choice of the parameters m,m± (near 0). 

2.2. The Hitchin metric g^. The smooth quasi-projective surface A^, as a 
moduli space of (singular) Higgs bundles, is endowed with a complete Kahler (in 
fact hyperkahler) metric g (a variation on the classical result of Hitchin [HI], see 
e.g. [BB]). This is however not canonical, but comes naturally in a 1-parameter 
family parametrized by i? > 0. In other words we regard M as obtained by 
(infinite dimensional) hyperkahler reduction of the hyperkahler metric qr on an 
affine space of pairs [A, ip), namely 

5r((V»,(^,0)) =2i I Tr(V^> + W*). 

where ip S 0'''^(s[(2)) is an infinitesimal gauge transformation, and (j) £ 0^''^(s[(2)) 
an infinitesimal Higgs field, so that the unitarity constraint in Hitchin's equations 
reads 

F{A) + R[ip,y,*]=0. 

Notice that the above integral is well defined since the singularities of the connec- 
tions and Higgs fields are fixed. The complex structure on Ai given by the moduli 
of Higgs bundles is independent of R, but the Kahler metric gR gives volume 
to the smooth fibres of the Hitchin fibration. Also, while the i?-dependence of 
gji is straightforward, that of the hyperkahler reduction g^ is much more com- 
plicated and highly nonlinear. This i?-dependence is the main object of study 
of [GMNl], and R~^ plays the role of the "coupling constant" in the asymptotic 
expansion (2.13) which we will use to interpret (1.1). One of the central conjec- 
tures of [GMNl] states that the i?-dependence of gR is completely determined by 
a discrete invariant of Ai, its BPS spectrum. 
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2.3. BPS spectrum. The BPS spectrum of A4 (counting BPS states) is a locally 
constant, Z- valued function r2(7; u) on ;B\MS for 7 G T, with 0(7; n) = 7; u). 
The (countable) spectrum of BPS rays is defined by rays ij{u) C C spanned by 
the complex numbers —Z^{u) £ C where $1(7;?/) 7^ 0. As we already men- 
tioned in the introduction, a rigorous, a priori definition of BPS states and their 
counts starting from Ai is still lacking in general. In the special case of the 
SU{2) Seiberg-Witten theories, the numbers 0(7; u) could be defined in terms 
of semistable representations of certain quivers naturally associated with A4. In 
all the examples we shall consider we will simply give a formula for 0(7; u) (for 
our purposes, we could give a working definition saying that a BPS spectrum for 
is a function il.{'y;u) for which Conjecture 3 below holds). But we should at 
least briefly mention the heuristic geometric interpretation of the numbers ^^(7; u) 
emerging from [GMN2]. Let us denote by X{u) the canonical (Seiberg-Witten) 
meromorphic 1-form on S^. We can also think of A as a 2-valued meromorphic 
differential on P^. The rough idea is that ^^(7; u) enumerates paths a : [0, 1] — t- 
which are solutions to 

(A,d) G e*^M* 

(for some angle 9 £ S^), representing the homology class 7, and which are either 
closed or stretch between ramification points (the finite WKB curves of [GMN2] 
Section 6.1). 

2.3.1. Standard Seiberg-Witten. For Nf = 0, at strong coupling, it is possible to 
interpret all the BPS states in terms of two suitable paths (WKB curves) 6, 7^ 
joining the two turning points z^, such that 5 — 7™, is an oriented S^ around 
z = 0. Since they stretch between ramification points, one can regard these paths 
as closed paths in producing homology classes in Hi(T,u,1'), still denoted by 
(5,7m, with {6,^rn) = 2 (reflecting that (5,7m share both endpoints). In fact (5,7m 
are the vanishing cycles for the fibration {'EujU £ C}. One can show that the 
only suitable WKB curves for u £ are J, 7m (with a choice of orientation), 
so the BPS spectrum consists of just ±(5, zb7m. The full BPS spectrum of M is 
given by 

0((5; u) = il(7m; u) = 1 for u £ , 
n{kS + {k + l)7m) = n{{k + 1)5 + A:7m; u) = 1, n{5 + 7m; u) = -2 for u £ B"", 

for k > 0, plus the same indices for the negative of these charges. All the other 
indices vanish. The result at strong coupling can also be understood in terms of 
finite WKB curves, but is more complicated. In particular a continuous family 
of closed WKB curves appears in the same homology class, and one should make 
sense of counting these curves in a suitable way. (The approach taken in [GMN2] 
is to enumerate them indirectly through their action of the Fock-Goncharov co- 
ordinates on M , but we will not explain this further here) . Alternatively one can 
just compute with one of the available wall-crossing formulae. 

2.3.2. Nf = 1. When Nf > we encounter a new feature which we had kept 
silent up to now. Namely the spectrum Q(7;n) is not really a function on the 
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homology local system F, but rather on an extension f , with 

where Fj- is a rank Nf local system. The fibre of the local system F is the sub- 
lattice of HiCEu, Z) (the open curve) spanned by vanishing cycles of the fibration 
{TiujU G C}. The standard terminology is that F is really the charge lattice, while 
F and F j are called respectively the gauge and flavour charge lattices. With this 
terminology in place we can write down the BPS spectrum. Let us denote by 
7i,2,3 the vanishing cycles in (they can be realized on as the class 

of oriented segments joining two consecutive turning points around z = 0). Then 
we have 

S7(7i; ti) = $^(72; u) = il(— 73; ti) = 1 for ti G B^, 

n{{k + 1)72 + kji - kjs; u) = n{{k + 1)72 + k^i -{k + 1)73; = 1 

f^((A; + 1)71 + A:72 - kj3;u) = n{{k + + kj2 - {k + l)j3;u) = 1 
n{--f3;u) = $7(71 + 72; ti) = 1, 0(71 - 73 + 72; tt) = -2 for u £ B'^, 

for k > 0, plus the same indices for the negative of these charges. All the other 
indices vanish. Notice that in this case still writing 71,2,3 for the images in F we 
have the single relation 

71 + 72 + 73 = 0, 
and the intersection products are given by 

(71,72) = (72,73) = (73,71) = 1- 

2.3.3. Nf = 2. In this case 0, 00 are not ramification points, there are four turning 
points, and the charge lattice F is spanned by four vanishing cycles 7i,72,7i,72 
(which can be realized geometrically on as suitable paths joining two turning 

points). In F one has 7^ = 7^,7^ = 7I, and (71,72) = 1, (7i,7i) = (72,72) = 0- 
The BPS spectrum is given by 

n{-fl;u) = n{-fl,u) = n{-fl,u) = n{^l,u) = l for e B^ 
^(fli7i + ^^i7i + ^^272 + "^2725 = ^i^*^^ a\ + of = k, al + al = k + 1, \aj - < 
^(^^i7i + ^^i7i + ^^272 + ^^2725'") = llfo'^ a\ + of = k + 1, al + al = k, \aj - | < 

n{Yi + 7i;n) = i, n{-fl + 7^ + + 7!; u) = -2 for u g b^, 

where /c > 0, a* > 0, plus the same indices for the negative of these charges. All 
the other indices vanish. 

2.3.4. Nf = 3. Again choosing m,m± suitably, 0,oo are not ramification points, 
there are four turning points on P^ \{0, oo}, and five singular fibres for det. There 

1 2 3 4 ^ 

are four vanishing cycles 7^' ' ' G F with the same image in F, plus a vanishing 
cycle 72 with (71,72) = 1. As usual we have 

^(Yiju) = r2(72;ti) = 1 for u G B". 
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We do not write down the full BPS spectrum as strong coupling, but just notice 
that for i j, 

^{l2 + + l{-^u) = 1, 0(72 + ^ 7i; u) = -2 for n G . 

i 

2.4. Hyperkahler structure on M.. We now recall the conjectural description 
of the metric qr in terms on the BPS spectrum. For this we need to know 
a bit more about the hyperkahler structure on M. We will denote by J3 the 
complex structure on as a moduli space of Higgs bundles. There are two 
other (equivalent) complex structures Ji, J2 that we can put on A^, induced by 
the actions on infinitesimal gauge transformations and Higgs fields given by 

Jl(^,0) = (ir,-^r), J2(^,</') = (-</>*, 

These satisfy the hyperkahler condition 

J1J2 = Ji, J2J3 = Ji, J3J1 = J2- 

We can form a whole of complex structures on A4 (known as the twistor 
sphere) parametrized by a coordinate 

For C 7^ 0,00, the J{() are all equivalent to Ji, while for C = 0,oo we recover J3 
(after rescaling by or C~^)- I^i f^ct for C 7^ the map 

R 

{A, (f) 1-^ £/ := —if + ^ + RQip* 

induces a biholomorphism from {Ai,J[Q)) to the moduli space of irreducible, 
meromorphic flat PS'L(2,C) connections with prescribed singularities (this is a 
variation on the classical result of Donaldson [D], see e.g. [BB]). Let us denote 
by oji the symplectic forms obtained from gn and Ji (more generally, we will 
write oj{C) the symplectic form obtained combining and J {(,))■ We will 
also write ijJ± = wi it iijj2 ■ Then one can show that 

1 1 

^{0 = -^^+ + ^3 - ^C'^- 

is a holomorphic symplectic form in complex structure J(C)- For ^ = 0,oo this 
is induced by the form 

j Tr((^2^i - '/'iV'2), 
while for all other it is induced by 

j Tr(5i^ A(5=s/). 

From the form w{C,) we can reconstruct the metric gR uniquely. One of the 
key results of [GMNl] is a conjectural construction of w{C,) in terms of the BPS 
spectrum, as an asymptotic expansion starting from a specific semiflat metric g^^ 
(flat on the fibres), with correction terms or order less than as R ^ +00. 
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To keep the exposition and notation light, in the rest of this section we discuss 
this construction in the special case when Ai is the Nj = moduli space. Two 
simplifications occur in this case: 

• the local systems T and F coincide (i.e. Ty is trivial); 

• the symplectic form (—,—), restricted to the lattice spanned by 5 and 7m, 
is even. 

The first property leads to a mostly notational simplification; for the details of 
how to keep track of T see the Introduction to [GMN2]. The second property 
allows one to get rid of all the sign issues in the definition of the holomorphic 
Darboux coordinates (related to the "quadratic refinements" of [GMNl]). In 
section 3 these sign issues will become relevant, and we will show how to mend 
the definitions in this section to fit the Nf > cases. 

2.5. The semiflat metric. In the following we will often assume we have fixed 
a local splitting of F as F™ © F^, corresponding to a choice of symplectic basis 
for //i(Su,Z), so that F*^, F™ are spanned locally by 7e,7m with (7e,7m) = 1- 
In particular on a fixed fibre A4u = JC^u) we have dual angular coordinates 
6 = {9e,Gm), and we will write a point m £ M as {u,6), where u £ B. More 
generally, we will write 6^ for the angular coordinate dual to 7 £ F. 

A set of (exponential) local holomorphic Darboux coordinates for the hyperkahler 
metric on M is given by locally defined functions Af^(m;C) for 7 G F, m G 
and C G C* such that 

• the function Af^(7n;C) is holomorphic in the variable at least in a 
nonempty dense open subset, 



• for 71,72 G F we have X-y^^X-y^ = X^-^^^^, 



with the Darboux property 

, , 1 dXg dXjYi 

where d denotes the differential on M (freezing the variable Q . The construction 
of [GMNl] produces (conjecturally) a set of distinguished exponential holomor- 
phic Darboux coordinates for 5, defined in terms of {^^(7; u)}. The starting point 
is a hyperkahler metric g^^ on A1\{7W_|_^2}, Kahler with respect to all the complex 
structures J{Cj, and semifiat, i.e. flat on the fibres of the Seiberg-Witten fibra- 
tion (which is holomorphic in complex structure J3). The metric g^^ is deflned a 
priori in terms of the putative holomorphic Darboux coordinates 

X^^{u, 9; C) := exp {7rRC^Z^{u) + i6y + 7rRCZy{u)) . (2.1) 

The putative holomorphic symplectic form is 

sf//-N _ 1 dXf dX^ 
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One can check that this actually defines a hyperkahler structure on M \ {M^/^2} 
(with respect to the twistor sphere J(C))- The holomorphic symplectic form is 
given by 



Udz.de) + (TTR{dz,dz) - Tr-B{do,de) ] +ic{dz,de) 



where {—,—) denotes the combination of the wedge product on forms with the 
symplectic form on T* Cg) C. The prospective Kahler form uj^ is given by the 
(^-invariant part. In the standard notation of special geometry, one writes 

a := Ze{u), a£) := Zm{u), and r := ^ 



da 



from which 



iR _ 1 
cjs = — Im(r) da A da TT-^dOf, A dOm 

= - ( i?Im(r) da A da + — ^ ImirY^dz Adz] , 
2 \ 4:ir^R J 

where dz = d9m — rdOg is only closed on the fibres. This is the usual expression 
for a semiflat metric in special geometry. 

Example. There is a local counterpart to this global semiflat metric, in the 
neighborhood of a singular fibre, by setting 

a = Zeiu) = u, (2.2) 
ao = Zm{a) = falog Y - a) , (2.3) 

and so 

1 ^ a 

2.6. Instanton corrections. We describe a model case of the main result and 
conjecture of [GMNl], for the moduli space M we are considering. The authors 
propose a physical argument to the effect that there exist holomorphic Darboux 
coordinates X^{C) for gfi, obtained as the unique solution to the integral equation 



J:i7(y;.)(7,7') / ^^log(l-A',,(0) 

(2.4) 

(with certain prescribed asymptotics as ^ — )• and C oo). More precisely, they 
prove the following result: 

Theorem 2 (GMN). For R large enough, iteration starting from the semiflat 
coordinates converges to a solution X^{C) of (2.4). The functions X^{C) 

obtained is this way form a set of holomorphic Darboux coordinates for a hy- 
perkahler metric on Ai . 

The main conjecture is then 
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Conjecture 3 (GMN). The equation (2.4) admits a unique solution Xy(^,i?), 
defined for all R > 0, such that the functions Af^(C,-R) form a set of holomorphic 
Darhoux coordinates for the Hitchin metric qr. 

Remark. The principal object of study in Joyce-Song theory are the Donaldson- 
Thomas invariants DT(7; u), while the BPS state counts ^^(7'; o") are only defined 
indirectly through the multi-cover formula 

DTh;.)= E (2.5) 

n>0,n|7 

In [GMNl] one has precisely the opposite situation: the basic quantity is the 
BPS spectrum {0(7; n)}, and the formal analogues of the Donaldson- Thomas 
invariants arise naturally in the analysis of the integral equation (2.4), namely 
by considering a power series expansion 

- ^(f](7';n)log(l - X,,{0)l' = f^'^Y 
7'er 7'6r 

for certain coefficients f^' E P (8) Q. The unique solution is given by 

^-^ n 

n>0,7=n7' 

and then the integral equation (2.4) takes the more amenable form 

^7(0 = <(C)exp(7, ^^Y.P' I ^7^^7'(0). 

Notice that if we define formally a set of numbers DT(7; u) via (2.5) we have in 
fact 

r = DT(7)7. 



Example. In the Nf = strong coupling region we have 5 = 27e — 7m, and the 
integral equations for X^^ , are 



A'm(C) = Af^^(C)exp 
X,{0 = Xf{z)e^V 



±(27e-7m) 



C C'-C 



log(l-Af±2(^')^Ti(^/)) 



±(27e-7m) 



dC'C + C 



C C'-C 



log(l-A-±l(C')) 



±(7m) 



dC c + c 

C C'-C 



log{l - x^\C')) 



and so are equivalent to a single integral equation for Xm{Q. 

Example. Again, the above global statements have a local counterpart around 
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a singular fibre, which provides important motivation for the ansatz (2.4). We 
consider the theory over a disc A C C with radius |A|. The charge lattice is 
V = 1? spanned by 7e,7mi with {'^eilm) = 1- We pick the central charge given 
by (2.2), (2.3), and declare a single BPS state with electric charge q G N>o, that 
is Q,{qje', u) = r2(— g7e; u) = 1 for all u £ A. We set all the other BPS invariants 
to zero. So we are led to the equations 



In a key computation in [GMNl] Section 4.3, the authors prove that these are 
holomorphic Darboux coordinates for the hyperkahler metric first described by 
Ooguri and Vafa in [OV] (see also [GW] Section 3 for a detailed mathematical ex- 
position) , by comparing with the explicit form of this metric in Gibbons-Hawking 
ansatz. In the approach of [GMNl] these equations provide the basic clue for 
the integral equation (2.4): this should be seen as the natural many-particles 
generalization of the single-particle, Ooguri- Vafa case. We will not repeat their 
computations here, but it is instructive to perform a slightly different calculation. 
Notice that Hitchin (see e.g. [H2] Theorem 1) spelled out precisely what condi- 
tions a set of Darboux coordinates must satisfy to give rise to the holomorphic 
symplectic form of a hyperkahler metric. The crucial point is an integrability con- 
dition, which in our case requires that the horizontal derivatives of X^{C) equal 
the action of suitable vertical complex vector fields. We wish to apply Hitchin's 
theorem directly to the integral equation. For Xf, we just find 



Xe — X^ 



•sf 




daXe 



-inRde^Xe 
CiirRde^Xe, 



daXe 



while 
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--ITlRde Xra — 
C 



iq^R f dC'lC' + C 



C CC-Ci-XeiO" 



+ 



iq^R f dc'c + c 



4 



iq'^R f dc fi 1 I c' + c\ 



- + -7 + 



C VC C C'C'-CJ i-MCr 



+- 



iq^R f dC fl 1 IC' + CA XeiCy 



T + T7 + 



c VC c c'C'-cy i-Mcy^ 



So we find the identity 

(5a + ^iTTRTd0^)X„, = - ^ 

where v, w are functions defined by 



mRde^Xri 



V + w] dg^Xrr 



(2.7) 



q^R f dC XeiCr ^Q^R f dC XeiCT' 



w 



q^R f dC ^e(C')' , Q^R f dC XeiCy 



+ 



4 j,^^ icy 1 - MC')'^ 4 

We can rewrite (2.7) as 

where the vertical vector field Aa is given by 

Aa = ^[-inRdg^ - (f + iTTRT)dg 

In the notation of [GMNl] Section 4, where the principal quantities are the har- 
monic potential V = V^^ + y™*^* and the connection form A, we have 



wdfj 



(2.8) 



and so 



TT^inst^ u + inRr = -tt{V + 2TTiRAeJ, w = -2-KAa 



Aa = -^ l-iTTRde^ + Tr{V + 2TriRAgJd0j + 2Tr Aadg 



Similar computations also give the other integr ability equation, 

daX-m — AaX^ 

where 

Aa = -C [i-^Rde, -Tr{v - iirRf)de,J - wOm 

= 27r Aadg^ - C [iTiRde^ + 7r{V - 27riRAeJdg^ 
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2.7. The GMN connection. An additional important feature of [GMNl] is 
that the holomorphic Darboux coordinates should be regarded naturally as flat 
sections of a flat connection (with values in the Lie algebra of complex vector 
fields on the torus fibres) on the twistor sphere P"^. In other words for a fixed 
choice of parameter A, u, R we consider the differential equation 

where Ac^ is the complex vertical vector field (on the fibre Mu)^ given in coordi- 
nates by 

A^ = Y,dcX,A{deXr%dg, (2.9) 

(where we fix a basis of local sections {7t}). There are two claims about A(^: 
• it should decompose as 

A, = \A^-'HAf+CAf 



C 

where the A^^^ do not depend on C; 



• it should satisfy the equation (called the scale invariance/R-symmetry 
equation) 

A^X = {-ada + ada- f^dK + Kdx)X. (2.10) 

Example. Again we work this out for the Ooguri-Vafa metric. In fact we show 
by direct computation that the X satisfy differential equations of the form 

Cd(^X = Ai^X, 
ROrX = ArX 

for suitable vertical complex vector fields A(^, Ar with a very simple C, dependence. 
An alternative derivation is given in [GMNl] Section 4.5. 

Lemma 4. The following equations hold 

Cd(^X = {-AOa + Adj^ - ada + ada) X 
RBrX = {AdA + A9^ + ada + ada) X. 

Proof. Consider the C<9f equation first. It is straightforward to check it for Xf. 
(since there are no corrections), and we can compute directly 



{—ada + ada)Xm = ( —-irRar + (irRar ) X, 



m 



+ Xrr 



I ^^i-ada + -ad-a)log{l-Xe{Cr) 
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Now 



[ ^^(-aa. + aa,)log(l-A',(C'n 

= -jr <% iog(i - Af,(c')') 



integrating by parts. An identical computation holds for . So 

{(dC + ada - ada)Xm = (^TrR{aT - Zm) - C,TTR{af - Zm) ) Xrr 

iRq^a iRq^a\ 

C 7s '^rn- 



2C 



We conclude thanks to 



a;i V iRq^a - JRq^a 
Kd^Xm = ^^A'^m = -C ^ • 

The derivation of the Rdji equation is very similar but simpler (without integ 
tion by parts). 

Let us define further vertical vector fields 

-^A = ^A = -^—de^- 

Corollary 5. The following equations hold 

RdnX = ArX, 

where 

= -aAa + aAa - AAa + A^^, 
Ar = aAa + aAa + A^a + A^^. 
Furthermore there are decompositions 
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for vector fields independent of C, where 



Proof This is a straightforward computation using the Lemma above and the 
integrabihty conditions for X. □ 

2.8. The asymptotic expansion. In [GMNl] Appendix C, the autliors apply 
methods in the analysis of integral equations (especially arguments from [CV]) to 
the GMN equation (2.4) in order to find an asymptotic expansion for the solution. 
Here we only explain briefly the final result. Let T denote a finite rooted tree, 
with n vertices decorated by elements ji £ T. Assume for a moment that the 
vertices are labelled by integers which increase with the distance from the root. 
The decoration at the root is denoted by 77-. [GMNl] (C.15) define a weight 

"'^=<-'>"^£^ n (7../-). (2.11) 

' ^ ^' (i,j)GEdgcs(r) 

(There is an extra sign with respect to (C.15) due to a different convention for 
Kontsevich-Soibelman operators). This weight is clearly intrinsic to T (it does not 
depend on the labelling by integers, which we can now forget). Let us denote by 
T — )■ {Ta} the operation of removing the root to produce a finite set of decorated 
rooted trees. We define the kernel 

iT + a 

p{a,T) = . 

T T — a 

Notice that for f{cr) holomorphic in a neighborhood of a fixed tq we have 

Res^-o p{a, To)f{a) = 2f{a). 

[GMNl] (C.27) introduce piecewise holomorphic functions ("propagators") ^t(C)) 
defined recursively by t/0 = 1 and 

^r(C) = ^ / <^^'pi^^^')KiOX{GTAO- (2.12) 

Then [GMNl] (C.26) claim that a formal solution to (2.4) is given by 

^^(C) = <(C)exp(7, J] Wrar(C)). (2.13) 

r 

Remark. In general the convergence of this asymptotic expansion seems to be 
an important open problem. From the point of view of Conjecture 1 it is probably 
related to similar convergence issues in the work of Joyce [J2]. 
Example. We work out the asymptotic expansion for the g-Ooguri-Vafa. Let us 
look at the contribution of an edge (i, j) C T. This is weighted by DT(7j), so 
7j = kq^ye- But then W7- vanishes if T contains a nontrivial edge. We see that 
only first order instanton corrections survive, parametrised by decorations of a 
single root {•}, and we find 
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(using X;[^^^ = X^lxt). By (2.13) we have 

XUC)=X'l{O^Mlm, >^%>{.}^fc.7e{.}(C)) 

fcez\{o} 



—y 

Am ^ 



dcV(C,C')log(i-<(C'n 



= ^^*(C)exp 
= A'^^(C)exp 

"5 / </'(C,C')iog(i-<(C')^^) 

J £ — ,g 

This is the same as the integral equation for the Ooguri-Vafa metric derived in 
[GMNl] (4.33). 

Example. Going back to pure SU{2) Seiberg-Witten, let us analyze the sim- 
plest higher order correction to log X,n{C) at strong coupling beyond first order 
instanton corrections. This is encoded by the graph 



■7" 



which corresponds to the integral 
2*5 /■ .sf 



Setting 



dC2p(Cl,C2)^^l(C2). 



we can estimate this integral by 



C6 



r+oo 

/ ds 


Ci 


+ c 


1 — oo 


Ci 


-c 



exp(— 27ri?|Z5| cosh(s)) 



C2-C1 



exp( — 27ri2|Zm| cosh(t)). 

. We can estimate the inner 



Let -Q denote the angle between the BPS rays is Ay. 
integral by 

■1±S25M)"^„(2.R|Z„|), 

1 — COS('!y) / 

where we used a standard integral representation of the modified Bessel functions 
of the second kind, 



/+00 
-00 
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(for Ca a constant which depends only on a). Now for u bounded away from MS, 
the angle i? is bounded away from 0, and combining this with standard results 
about the asymptotics of Bessel functions we can estimate the total integral by 



C'6 I exp{-7rR\Z„ 

7rK\Zm\ 



r+oo 

/ ds 


Ci 


+ c 


1 —oo 


Ci 


-c 



exp{ — 2'irR\Zs\ cosh(s)) 



for R large enough. Repeating the argument, for fixed C bounded away from is 
we find a uniform bound 

C"S—^eM-^R\Zs\)^^eM-^R\Zm\) 
7rR\Zs\ TrR\Zm\ 

as i? — )• +00. It is not hard to generalize this example to the following result. 

Lemma 6. The contribution of a fixed (rooted, labelled) tree T with n vertices 
to the asymptotic expansion (2.13) can be estimated by C exp{—C'nR) for all 
R > C" , where the constants C, C, C" only depend on the distance of u from the 
curve MS. 

A similar result holds for Nf > (precisely by the same argument). 
Example We can apply the asymptotic expansion (2.13) to study the GMN con- 
nection A(^. First notice that the scale invariance/R-symmetry equation (2.10) 
follows at least formally (modulo convergence issues) from the asymptotic expan- 
sion. This is because each "propagator" Gt{0 separately satisfies (2.10). This 
is not hard to check by induction, using the recursive definition (2.12) and the 
fact that (2.10) holds already for the semiflat coordinates X^^{Q. (We could use 
this argument and the above asymptotic expansion for the Ooguri-Vafa metric 
to give a different proof of Lemma 4) . 

One can also obtain an asymptotic expansion for A,^ by combining (2.13) with 
the explicit expression (2.9). Picking a basis of local sections 'jc'Jm as usual, we 
write the matrix of angular derivatives as 

Afe deXm, 



doX 



B = i 



By (2.13), and using the expression for semiflat coordinates (2.1), we have 

where B is the matrix of instanton corrections 

j7e, Er y^Tde^Qr) ilm., Er ^Tde„.OT)J ' 
According to (2.9), the complex vector field is given in local coordinates by 
Ac = {dcX,{deX)^l + dcXra{deX)^l) de^ + [d^X^ideX)^^ + d^XmideX)^^) 
We have 

d:;X^ = X^ (^^ttRZ^ + ttRZ^ + (7, ^ Wr^c^r) j , 
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and combining this with 



we find 



r J k>o 

- i I ^ttRZ,^ + ttRZ,,,^ + (7m, E Wr^c^r) ) E ^21, 

r / k>o 



and similarly 



r / fc>o 

- i ( -^7ri?Z^„ + ttRZ,^ + (7m, E ^^rSc^r) J E ^22- 

r / fc>o 

In the special case of the Ooguri-Vafa metric the matrix B is nilpotent, 



B 



^0 -^Emo/4,„<.,..</'(C,C'X.(C')^ 





Thus in this case only the magnetic component ^(,6»„i carries nontrivial instanton 
corrections, in accordance with the expression for the a component of the GMN 
connection, (2.8), and the scale invariance/R-symmetry equation (2.10). 

These computations show that (2.13) is also an effective tool to study the 
GMN connection (^dz — Aq. As a consequence we believe that relating the as- 
ymptotic expansion (2.13) to the Joyce-Song formula as in Conjecture 1 could 
also be helpful in establishing a comparison between the GMN connection and 
the Bridgeland-Toledano-Laredo connection [BT]. 

2.9. The wall-crossing formula. Let uq £ MS denote a smooth point. More- 
over assume that uq does not belong to the finite set of points where the quadratic 
differential has a zero or a pole, i.e. the fibre A4uo is smooth. In particular 
we can choose local coordinates {u, 9) around mq (corresponding to a local trivi- 
alization T = I? around uq). In a neighborhood of uq, the complement B \ MS is 
the union of two connected components, U^. We will sometimes write for a 
point of U^. We define 

X^{4,e;C)= lim X^iu,9;C). 

Notice that both limits exist and are finite, since the central charge Z{u) is 
well defined around uq. According to [GMNl], the Kontsevich-Soibelman wall- 
crossing formula can be expressed as the continuity condition 

X^iu+,e;C) = X^{no,e;C) (2.14) 
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for all 7, 9 and a generic, fixed value of C,. Since the pairing (— , — ) is nondegen- 
erate, by (2.13) this condition is equivalent to 

^ W+a^(C) = E^r^r(C), (2.15) 
r r 

where 

= lim g^, = W{u^). 

3. Basic examples from SU{2) Seiberg-Witten theories 

In this section we check Conjecture 1 in a number of examples taken from 
< Nf < 3 Seiberg-Witten theories. In 3.2 we give a simple graphical calculus 
to evaluate the contribution to wall-crossing of a GMN diagram, at least for the 
Nf = case, and explain how this turns Conjecture 1 into a purely combinatorial 
statement. A similar calculus is also available when Nf > (although it is slightly 
more complicated due to the presence of more charges), but rather than explaining 
this in detail we focus on a few examples that show how to refine the Nf = 
theory. 

3.1. Standard Seiberg-Witten. We start with pure SU{2) Seiberg-Witten 
theory. We illustrate in several cases how the identity (2.15) (which arises from 
the continuity of holomorphic Darboux coordinates, when combined with the 
asymptotic expansion) induces the Joyce-Song formula (1.1). We write s,w for 
the slope functions induced by the central charge Z at strong and weak coupling 
respectively, namely for 7 G F a local section 

5(7) = arg Zy{u+), w{-f) = aTgZy{u~). 

(where is a point of U^, a connected component of ;B \ MS around uq)- We 
have 

s{6) > s(7m), w{5) < wi^-frn), (3.1) 

that is for BPS rays. 




Throughout this section we assume that the reader is familiar with the Joyce- 
Song wall-crossing formula, as presented in [JS] Section 5. Since there are already 
excellent short expositions of this formula (including [J3] and [P]), we refrain 
from reviewing it here, but for the reader's convenience we reproduce the explicit 
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formula for the U functions, equation (3.8) in [JS]. Let ai, . . . , a„ be a collection 
of charges (with n > 1). If for all i = 1, . . . , n — 1 we have either 

(1) s{ai) < s(aj+i) and w{ai + • • • + Oi) > woi+i + • • • + a(n), or 

(2) s{ai) > s(ai+i) and w{ai + • • • + a,) < woi+i + • • • + a(n) 

then one defines S(ai, . . . , a^; s, w) to be (_i)#{indiccs satisfying {i)}_ otherwise 
S{ai, . . . ,an', s,w) vanishes. Then one defines 

U(ai,...,a„;s,w) = 

(— I 

Yl 1 11^=1 S(/3fe,_i+i, /36,_i+2, ■■■,/3bi;s,w) 

l<l<m<n, 0=a{)<ai<---<am=n, 0=bo<bi<---<bi=m: -J^ 1 

Define I3i_, . . . , by ft = H h Qa;. • y rj . 

Define 71, ... ,7; by 7i = /3f,,_i+i H h Pb^- j=i V^J ~ O-i-lj- 

Then = i = 1, . . . , m, ai_i < j < ai, 

and to(7i) = 10(0:1 + ■ ■ ■ + « = !,...,/ 

3.1.1. W boson of charge 5+7m- The simplest computation concerns DT{6+^rn)- 
It has long been known to physicist that in the gauge theory at weak coupling 
there exists a unique BPS state of charge S + 7^, called a 'W boson", which 
contributes —2 to the index $7(5 + ^rn]u~). This is reflected in the Joyce-Song 
formula as follows. There is precisely one tree with 2 vertices labelled by {1,2} 
and a compatible orientation, namely 

1 ^2 



The U symbols of the admissible partitions (which in this case are in fact all the 
partitions with nonvanishing DT) coincide with the S symbols, 

U((5,7m;s,tt;) = 1, U(7m, 5; s, -w) = -1. 

The first partition contributes 

-iu(5,7m)(-l)<''^'->(5,7m)DT(5,5)DT(7™,s) = -1 • 1 • 1 • 2 ■ 1 • 1 = -1, 
and the second 

5)(-l)<^'"'''>(7,n, S) DT(7^, s) DT(5, = • (-1) • 1 • (-2) • 1 • 1 = -1, 

so we find indeed DT((5 + 7^; s, w) = —2. Let us consider the analogous decay in 
GMN theory. We need only consider the rooted, labelled tree (with the induced 
orientation) 



■7n 



which is present at both strong and weak coupling, and encodes an integral we 
have already encountered, 

I{u) = ^ [ ciCip(C,Ci)A'f (n;Ci)-^ / dC2p{CiX2)X^l{u;C2). 
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We proved that I{u) is of order e~^^ away from MS. For the wah-crossmg however 
we need to study I{uq) — I{uq), that is the hmit of I{u^) — I{u^) as — )• u*^. 
We fix ( outside the cone spanned by is{u'^), i^^{u~). Starting with we 
can push the first ray of integration £s{w^) to ls{u~) without crossing ^7„(n"'"), 
so we rewrite 
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d(:ip{QXi)xf{u-^-x 



1 

47ri 



^7m («+) 



dC2p{ClX2)Xti^^-X2). 



The next step is to push the second ray of integration ^7„(ti'^) to i-y^{u ). In 
the process we cross the ray ^^(n") in the counterclockwise direction, 




and so pick up an extra residue of the integrand at ("i 5 

^ -ff(n-*-;Ci) 



1 



4^, , dC2P(Ci,C2X(n+;C2) + <(u+;Ci; 

4vri Jl,^{u~) 



Since Xf{u\C,i),X^^^{u;C,2) are smooth in a neighborhood of uq, the limit of the 
first term in I{u^) as — ?• uq is the same as the limit of I{u~), therefore 

26 



26 



= hm — / dCip(C,Ci)Af,V(u+;Ci) 

^ dCi/>(C,Ci)'^li-,„(«o;Ci). 



Cancellation requires the existence of the integral at weak coupl 



.ing 
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from which we read off Q(5 + 7^; u~) = —2 as required. 

3.1.2. Dyon of charge 5 + 2-ym. Classical physical arguments (e.g. [BF]) predict 
the existence of a BPS state of charge 5 + 27^ at weak coupling, called a dyon, 
with index ^{5 + 2^^] u~) = 1- Let us work out (1.1) in this case. The S symbols 
for partitions are easily derived from (3.1), 

S{5,2-ym;s,w) = 1, S{2'yjn, 6; s,w) = -1, 

S{6,-frn,7m]S,w) = 0, 8(7^, 5, 7m; S, w) = -1, S{'ym, Im, S , w) = I. 

Since the class 5 + 27^ is primitive, it is easy to derive from this their U symbols 
(i.e. in this case they are a weighted sum over contractions), 

U(5, 27„;s,w) = 1, U(27m,5;s,w) = -1, 

U((5,7m,7m;S,w) = ^,[J{-/m,S,-/m]S,w) = -1, [Ji'Jm, -Jm, S , w) = i. 

Consider again the tree 

1 ^2 



Its compatible ordered partitions are 6 + 27^ and 27^ + 6. The first contributes 

-iu(5, 2^m){-lf'^^-H^, 27™) DT((^, s) DT(27^, s) = -i • 1 • 1 • 4 • 1 • ^ = -i. 

Similarly 27m + S also contributes — ^ . The total contribution of the fixed tree is 
—1. On the GMN side we have the integral 

J£g{u) J l^^{u) 

By a computation completely analogous to the 6 + 7^ case, cancellation for this 
integral requires the existence of a term 

5 



dCip{CXi)Xs+2^jCi,u ) 

4+27™, (" ) 



in the weak coupling region, which therefore contributes —1 to Q{6 + 2^rn',u )• 
Let us go back to the JS side for the remaining trees 

1 ^2 ^3 2^ 1 ^3 



1 ^3^ 2 

Each of these admits exactly one compatible partition with nonvanishing contri- 
bution, e.g. for the first tree this is 7^ + 5 + 7m > giving 

t^Uijm, S, 7m; s, w){-frr,,6){6, 7m) DT(7,„)2 DT{6) = ^ • (-1) • (-2) • 2 • 1- = 1. 

The two other trees each contribute 1/2, so the total contribution here is 2. This 
gives the right DT invariant: DT((5 + 27^; w~) = ^{6 + 2'ym]u~) = 2 — 1 = 1. On 
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the GMN side, we need only consider the rooted, labelled tree (with the induced 
orientation) 



7" 



This has Z/2 symmetry, so we have W = {—1)^^5(5, jm)^ = —25, and our tree 
encodes the integral 

= / dCip{C,Ci)xf{Ci,u^) I dC2/5(Ci,C2)xl(C2,n+) 



^ / _ dCip(C,Ci)xr(Ci,u+) ( ^ / dC2P(Ci,C2)xl(C2,n+) 



U-) V^^-' y£,,„(n+) 

I 



/ dCiP(C,Ci)xf(Ci,u+) 



4^/ rfC2/>(Ci,C2)xt(C2,n+) + xt(Ci,n+)') 



This splits up as a sum of terms, namely 



26 f / 1 



<ip(C,Ci)x5'(Ci,^+) T-- / ^^C2P(Ci,C2)xl(C2,u 



f — ' — ^ ,sf „, + \ 1 / T/. ^ X sf 



and 

25 



dCip{C,Ci)xt2,JCi,u+). 

U-) 

We only need to take into account the last two terms. The last integral can be 
rewritten as usual as 



25 



dCip{C,Ci)xf+2-yjCi,n+), 



and therefore its cancellation requires a contribution 2 to + 27m;ii~). On 
the other hand, we can push the ray is{u~) in the second integral to £s+j^{u~) 
without crossing Therefore there is no residue contribution, and no can- 

cellation is required from Q{5+2'ym', u~). We also make an important observation: 
the GMN contribution from the tree 



(i.e. 2) matches the total contribution of the trees 
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appearing in Joyce-Song (i.e. 1 + ^ + i). Notice that the orientations of Joyce- 
Song trees are arbitrary, in particular they are not in general induced by the 
choice of a root. 



3.1.3. Dyon of charge 26 + 3^m- At weak coupling, we expect a state (dyon) of 
charge 25 + 37m, with Q{26 + 3'jrn]u~) = 1. We will compute with a number of 
sample trees in GMN theory, and check that the contribution of (all the choices 
of a root for) a given tree matches the contribution of all its orientations in JS 
theory. This is the first computation in which most of the mechanism matching 
GMN to JS can be seen in action. We start with the unoriented, labelled graph 

(5 7m S 27m 



For GMN theory an orientation is uniquely defined by picking a root. We first 
analyse the choice 



■ 7m ^ S ^ 27n 



Since W = {—l)'^6{S,"fm){'ym,S){6, ^jm) = —45, this diagram encodes an instan- 
ton correction at strong coupling given by the integral 

-2^ / dCip{C,Ci)xf{Cuu+)-^ [ (iC2p(Ci,C2)xl(C2,n+) 



•T^ / rfC3P(C2,C3)xf(C3,n+)-^- / dUp{c^,U)x%JU,u+)- 

As usual, we can push the first integration ray to £s{u~) with impunity; 

then pushing the second ray ^7„(u^) to ij^{u~) splits the integral as 

-2^ [ dC,p{C,Ci)xfiCi,u^)^ [ dC2P(Ci,C2)xt(C2,^+) 

4vrzJ4(„+) 47rzJ^^^(„+) 
plus a residue term 



2^ / dCiP(C,Ci)xr(Ci,^+)xt(Ci,^+) 



^ ^ rfC3P(Ci,C3)xf(C3,n+)-i^ / dUp{QzXA)xtiQA,u+). 



27 



The first integral con only contribute -2^ J^^^^.-^dCip{CXi)xfiCi,u'^) ■ J for 
some iterated integral J, so it does not give top order corrections. On the other 
hand we may rewrite the residue term as 



2^/ , /Ci/^(C,Ci)xt,JCi,n-) 

- / 'iC3p(Cl,C3)xf(C3,^+)T^ / ^^C4p(C3,C4)xf^„(C4,^+). 



Atti 



We iterate the procedure, pushing £s{u~^) to is{u ). This gives 



"ft'XC- "*'4^ "C.^'tca. «xi'-,„(a. u^) 

(3.2) 



plus a residue term (notice sign change, as isiw^) crosses is+'y^i'^ ) '^^ clock- 
wise direction) 

■ dap{Ci,a)x1^ja,u+). (3.3) 

The main difference is that now the first integral (3.2) could give a top degree 
contribution. To see this push the last ray i--/^{u~^) in (3.2) to i'y^{u~), which 
splits the integral as 



' + 7m 



•T^ / dC3p{Ci,c3)xf{C3,u^)^ I dap{C3XA)xf^ja,u+) 

plus a residue term 

^ '' <iC3P(Ci,C3)rf(C3,a*)xl,.(C3,"+). (3.4) 



4ni 



isiu-) 



We need to push the last ray is{u~) in the residue term to ^5+27„(^*~)- In doing 
so however we will cross the integration ray ^5+7„(m~) in the counterclockwise 
direction: 
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So we rewrite the whole integral as 



' + 7m(" ) 
1 



plus a residue term 



25 



-2f- / dCiKC,Ci)xf5H-3^„(Ci,^^+). (3.5) 

Thus we see the first top degree integral appear. Its cancellation requires a 
contribution of 2 to 0(2(5 + 3jm',u~)- Going back to the integral (3.3), this can 
be rewritten as 



25 + 7771 



(n-) 



1 



47ri 



dCAp{Cl,C4)xt^{U,U+) 



^7m(w ) 



plus the residue term 
47rz 
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dCiPiC, Ci)xfs+,^ (Ci, u+)xf,^ {Ci,u+) 



, , , t^Cl/>(C,Cl)x|!5+37„(Cl,'"+)- 



(3.6) 



f37m 

This is the only other top degree integral arising from the present diagram. Sum- 
ming up the two top degrees contributions (3.5) and (3.6) then we find that the 
present diagram gives no contribution to Q{25 + 37™; u~): we get total contribu- 
tion +2 — 2 = 0. A very similar analysis can be performed on the GMN diagram 
obtained from the other possible choice of a root, 



m ■ 



27r, 
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This again shows that the diagram gives vanishing contribution to Q{25+3^rn', u~). 
Let us compare this to the situation in Joyce-Song theory. For this we need to sum 
over all partitions and {1, 2, 3, 4}-labelled trees which yield the same unoriented 
F-labelled tree; this lengthy calculation can be summarized as 



5- 



6- 



27„ 



1 

"2' 



■7r, 



27« 



while the contribution of each of the other possible orientations vanishes. We 
verify once again that the sum over all JS diagrams with the same underlying 
F-labelled tree matches the same quantity in GMN theory, although the weight 
of each single orientation is very different in the two theories (i.e. in the present 
example, cancellation happens in a very different way). The same happens with 
the other distinguished T-labelling. Indeed we can check that each of the GMN 
diagrams 



27r, 



■7r7 



27r, 



■In 



requires a contribution of —4 units to the index Q{26 + 87™; u~) for its cancella- 
tion. Similarly, the sum over all possible partitions and orientations in JS theory 
equals —8, although in a rather different way: one can show that each single 
orientation of the diagram 



27,1 



7r) 



gives the same contribution (i.e. —1) to il{2d + 3^m] u 
subsection we concentrate on the diagram 



). In the rest of this 



In 



In 



In GMN theory we can frame it in two ways, both with Z/2 symmetry, 



In 



In 



■In 



■In 



Im 



7m 
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For the first choice we have W = {— 1)^^6(6, jm){'ym,^){S,^m)'^ = 86, and the 
diagram gives an instanton correction, at strong couphng, 



4/>(C3,C4)X27„(C4,'U+) 



As usual pushing is{u~^) to ^^(u ), then ^7„(u~^) to i^^{u ) sphts the integral 



as 



plus a residue 

/ '^CiP(C,Ci)xt,„(Ci,^+) 



It is easy to check that the first integral dies out: pushing rays around with the 
residue theorem will never produce a top degree correction. On the other hand, 
by pushing is{u~) to then isiw^) to is{u~), the residue decays to the 

integrals 



and 



/ dCiP(c,Ci)xiW(Ci,^+) ( 4^ / dap{Cua)xija,u^) 

Pushing ^7„(ti'^) to ^7„(ii~) in the first integral gives a residue 

€i !,„,„-, ^'■K- "^'ik ^6MC.. C3)xl'«,„.(C. 

and finally pushing £s{u~) to £5+27„('U~) crosses in the counterclock- 

wise direction, giving a top order contribution of —4 to Q{u~). It is even easier to 
check that the second integral contributes instead +4 to Q{u~), proving that the 
total contribution of the present framed diagram vanishes. Similar computations 
show that the other choice of framing also gives a vanishing contribution. In 
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Joyce-Song theory we get the same vanishing, but in a very different way: the 
only oriented diagrams which carry a JS contribution are 




3.2. A purely combinatorial formulation. As the reader probably guessed, 
it is possible to make the above computations with GMN diagrams completely 
systematic, giving a graphical procedure to evaluate the contribution of each 
diagram. This turns Conjecture 1 for Nj = Seiberg-Witten into a purely 
combinatorial statement, which nevertheless we do not know how to prove at 
the moment. There are a number of open questions with a similar combinatorial 
flavour which seem very relevant to wall-crossing theory, see for example the 
conjectures of Manschot, Pioline and Sen in [MPS]. 

We now describe a process that computes the contribution of a GMN diagram 
by a finite sequence of decays into shorter diagrams. Iteratively we denote by T 
one of the diagrams produced in the process. Initially T is a GMN diagram 
at strong coupling. Its vertices are labelled by classes 7^ G F, which are in one to 
one correspondence with BPS integration rays i^.(u~^) in the underlying iterated 
integral WtoGto- So for simplicity of notation, at the initial step of the process, 
we think of the vertices as labelled by 7^^. Consider first the following operation: 

• A vertex 7^^ of T which has minimum distance to 77- transforms to 7^" . 

This represents graphically the operation of pushing the corresponding BPS in- 
tegration ray from £^^{u'^) to iy^{u~). At the very first step 7^^ is just the root 
j^o, and as we have seen we can replace this with 7^0 freely. At a general step 
we are focusing on a segment of T of the form 
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• • • e ^ r]- -fi — e • • • 




where we have denoted by Q (©) a collection of charges of the form (respec- 
tively 1^"^). The charge trasforms to , giving a new diagram T~ where the 
above segment is just replaced by 




• • • e ^ ?r ^ 7j — ffi • • • 




However transforming to 7,^ entails pushing £^.{u~^) to £^.{u~). In doing so 
we may happen to cross the BPS ray ir){u~)- In this case we say that r/~ and 
interact. The residue theorem shows that the we have a further decay product, 
a diagram Tres where the original segment is replaced by 



± 



V 



We pick the sign it according to whether i^.{u~) crosses irf{u^) in the counter- 
clockwise, respectively clockwise direction. We see a new crucial piece of notation 
appearing here: a vertex of the form r/~ -|- ^* corresponds to an "unbalanced" in- 
tegral 



ir,{u-) 

i.e. one in which the BPS integration ray (l.^{u~) disagrees with the charge of the 
(piece of) integrand Af^^^ (r, u"*" ) . So we come to the second operation: 

• A vertex of the form r]~ + ^* transforms to [r] + C)~ ■ 

This represents graphically the operation of pushing the BPS integration ray from 
irjiu") to £ri+^{u~). At a general step we are focusing on a segment of T of the 
form 
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v~ + r 



The vertex rj + transforms to (?7 + > replacing T with the diagram T 
given by 




While pushing i^{u ) to i-q-i-({u ) we may happen to cross the integration ray 
iy{u~). If SO rj^ + ^* and u interact, producing a residue diagram Tres 



( ... 



\ 



+ + 



We apply recursively the two operations described above to the initial GMN 
diagram at strong coupling. At each step of the process we will have in general 
many decays of diagrams, each of the form T — ?• T~ ±Tres- After a finite number 
of steps we are left with a finite set of signed diagrams. The signed diagrams with 
more than just a vertex (i.e. those which are not singletons) encode higher order 
corrections at weak coupling, which we may ignore. We are only interested in 
the finite set of singleton diagrams {sili}. The total contribution of the original 
GMN diagram to Q{p6 + q^m] u~) is then given by 



7-0 



As a nontrivial example let us check again using this procedure that the contri- 
bution of the following diagram vanishes: 
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■1^ 



■5+ 



The first decay is 



■7r7 



6+ 



+ (<5" + 7*m 



The first diagram dies out, while the latter further decays to 



In 



7^ 



In turn the first of these diagrams decays to 



7r, 



+ (<5 + 7m)~ ^(<^ 



In 



which picks up a top degree contribution from the last term, 
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On the other hand we have the decay into 




(25 + 7^)- - (25 + 37^)- 




So altogether in this case we have = +1 — 1 = 0. 

3.3. Nf > features. There are two features of the GMN setup which we have 
ignored so far, but which become relevent when Nf > 0: firstly, the local system 
r becomes larger than T; and secondly, the form (— , — ) on the sublattice of T 
spanned by BPS charges is no longer even. According to [GMNl] the definitions 
of the semiflat Darboux coordinates need to be modified, including a choice of 
quadratic refinement a on T. This is a locally defined function which satisfies 
(7(71+72) = (— 1)^'*^^''*^^ ^o" (71) cr (72). The essential point for us is that the definition 
(2.6) of /"f must be modified to 

^-^ n 

n>0,7=n7' 

Of course we need to keep track of this in the definition (2.11) of the weight W7-. 

Notice that there is no real analogue of a in Joyce-Song theory. In practice, as 
we will see, this means that to get the right answer from JS computations for a 
diagram T' labelled by ai, . . . , a„ we have to twist by a{ai + . . . + a^). 

Finally, since the form {—,—) is degenerate on T, the equality (2.15) is no 
longer a consequence of the continuity condition (2.14), so we assume (2.15) as 
the right wall-crossing constraint. 

3.4. Seiberg-Witten with Nf = 1. Recall the vanishing cycles 71,72,73, with 
the single relation in T 

71 + 72 + 73 = 

and intersection products 

(71,72) = (72,73) = (73,71) = 1- 
Initially the BPS rays are given by 
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The wall-crossing formula for Nf = 1 is a refinement of the Nf = case we have 
seen above. We highlight how this refinement happens in a specific example, 
namely ^^(71 — 73 + "y2,u~) = —2, starting from the GMN side. Accordingly, we 
will consider the diagrams 



71 



■72 



-73 



71 



-73 



72 



72 



71 



-73 



We will write a = o"(7i —73+72)- For the first diagram we have 



yV = (-l)^cj(7i)7i(7i,fj(72)72)(72, -o-(-73)73) 

= (_l)4^_]^^(7i,72>(^_-|^-j(7i+72,-73>^^_^ 
= -0-71 • 



and so an integral 



-a^ [ dCip(c,CiX(Ci,^+)T^ / dC2P(Ci,C2X(C2,^^ 

Pushing to and by Fubini we can rewrite this as 

^ I dC2/3(C2,C3)p(Cl,C2X(C2,^+), 
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As usual we want to replace i^^^u'^) with £^2i'^ )• the residue theorem we 
split the above integral as 



1 

47ri 



dC2p(Ci,C2X(C2,n+) 

^72 ) 



plus the residue terms 

(3.7) 

and 



(3.8) 

(see picture below). 




The term (3.8) is just the same as 



and so does not give a top order correction. However the integral (3.7) looks 
different: it the usual approach, we would need to push the first integration ray 
£-yi(ti~) to £^j+-y2 (ti~), but in the present situation £^j+-y2(ii~) = i-y^{u^), which 
coincides with the second integration ray, so the resulting integral is not well 
defined! We will see in a moment how this new difficulty is resolved. 
Passing to the diagram 



71 



-73 *- 72 
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we have 

yy = (-l)^o-(7i)7i(7i, -o-(-73)73)(-73,ct(72)72) 

= (-l)3(_l)(7i,"73>(_i)(7i -73,72)^^^ 
= Cfll 

and by a first application of the Fubini and residue theorems one checks that the 
only top degree contribution can come from the integral 

'^^'<-K- ""'iS «3P(&. C3)<(C,. U-). 

This gives a residue term 

^1 f Ar ^(t r \ vsf 



_ dC2p(C,C2)^^:_^3+-,,(C2,n+) 
^71 — ?3+72('^ ) 



which requires a contribution of o" to 0(71 — 73 + 72, n ) for cancellation. Finally, 
we consider 



72 

with 



71 



-73 



W = (-l)^cj(7i)7i(7i,cr(72)72>(7i>-o-(-73)73> 

= (_l)3^_-|^-j(7i,72)(^_-|^-j(7i+72,-73>^^_^ 

= o"7i 

and a corresponding integral 

I dCip{CXi)'V;l{Ci,u+)-^ I dC2P(Ci,C2X(C2,^x+) 



7^ / dC3p(Cl,C3)^5^3(C3,^' 



-73 ) 

Pushing to gives a principal term 

CTj^ [ dClp(C,ClX(Cl,n+)-i^ / (iC2p(Cl,C2X(C2,n+) 



1 

47rz 

plus a residue 



^^C3P(C1,C3)^4(C3,^+) 



-a- 



71 /■ A ^ vsf /A 1 



71 — 1i\ 



dCzp{C:Cz)K-^S^^^^)ir- / ^C2p(C3,C3)Af^ (C2,^X+), 
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which requires a contribution of cr to J] (71 — 73 + 72, u ). Finahy pushing i^^ ( 
to ™- the principal term gives in turn a "singular" residue 



3P(C1,C3)^4(C3,^ 

(3.9) 

which precisely cancels out the integral (3.7). Thus the final result for the index 
^(71 ~ 73 + l2-,u^) is 2(7. In a frame where o" = — 1 we recover the expected 
value. 

It is especially interesting to compare with computations with the JS formula 
in this case, since as we explained the GMN diagrams 



71 



72 ^ -73 72 



71 



-73 



do not give a definite numerical numerical contribution by themselves (due to the 
"singular integrals" (3.7), (3.9)). In the JS formula the singularity is spread out 
equally between the two diagrams, and each weighs ^. The S symbols are given 
by 

S(7i,72,-73;s,«^) = 0, S(7i,-73,72;s,'U7) = 1, S(-73, 71, 72; s, w) = 0, 
S(72,7i,-73;s,'u;) = -1, 8(72, -73, 7i; w) = 1, S(-73, 72, 71; w) = -1. 

Since Z{^i + 72) = Z(— 73), the U symbols are then given by 

U(7i,72,-73;s,'f^) = -51 U(7i, -73,72; Sj-w) = 1, U(-73,7i,72;s,'w) = 
U(72,7i>-73;s,w^) = -2' U(72, -73,71; s,w) = 1, U(-73,72,7i;s,u;) = -2- 

Using this we can summarize the JS computations (twisted by a) as follows. Each 
orientation of the diagram 

7i 72 73 

contributes |, and so the diagram contributes ^. On the other hand we have 
71 ^ -73 ^ 72 ~ f 71 ^ -73 72 ~ ^ 



71 73 ^ 72 ~ f 71 -* 73 72 ~ f 

So the JS contribution of unoriented, labelled diagram 

71 73 72 

is cj, matching the GMN one, as predicted by our conjecture. Finally, all orien- 
tations of the diagram 

72 71 73 

equally contribute ^ in JS theory, and so ^ in total. So we see that our conjecture 
still makes sense and is verified in this example, provided we assign a value of 
±1 to the singular integrals (3.7), (3.9). 
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3.5. Seiberg-Witten with Nf = 2. We denote by 7i,7i and 72,7! the vanish- 
ing cycles for the Hitchin fibration, and set a = (t(7| + 7i + 72 + 72)- There are 
two relations in T, 

7i - 7? = 72 - 72 = 0, 
and the nonvanishing intersection products are given by 

(71,7^) 

Initially the BPS rays are given by 



1. 




For f^(7i + 7i + 72 + 72 ' ^ ) we need to consider the diagrams 



7i 



■7l 



■7? 



■7l 



7? 



■7l 



7{ 



■7i 



7i 



■7i 



■7? 



■72^ 



7? 



■7i 



7{ 



■7| 



By symmetry, the final result for f^(7| + 7i + 72 + 72)''^ ) must be twice the 
sum of the contributions of the two top diagrams. In fact we (almost) already 
computed the upper left diagram, when dealing with 



■7n 



27« 



in the Nj = theory. The only difference is that now 

W = (-1)^(7^)7^(7!, ^(72')72')(72\^(7?)7?)(7?,^(7l)7i) 
= _ ( _ 1 ) (7! ,72' > ( _ 1 ) (7j +72' ) ( - 1 ) ^-^i' +'>2 ''^2 > a-fl 

and that we replace 2jm by 7! • So we replace the integral (3.4) with the "singular" 
integral 



-^j^ / dCip(C,Ci)xfi+,i(Ci,u+)T^ / dC: 



3P(Cl,C3)X^2+^2(C3,^i ), 

(3.10) 

while the analogue of (3.3) requires a contribution of —a to 0(7^+7^+72+7!, u ). 
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Passing now to the upper right diagram, we have 

W = (-l)V(7l)7l(7i,^(7l)7l)(7^^(72')72')(72\'^(7?)7?) 

= _ ( _ 1 ) (7i\7|> ( _ 1 ) i-yl +7| -72' > ( _ 1 ) (7; +7I +72' >7? > 0-^1 



-0-71 



and a corresponding integral 

7^ / dC3KCi,C3)A'^2(C3,n+)-^ / dC4p(C3,C4)^5(C4,U+). 

4vri7^2(„+) ' 47rz („+) 

72 7i ' 

Pushing i^2{u~^) to £^2{u~) gives no residue. Then pushing ^^2(u"'") to i^2{u~) 
sphts the integral as 



i i(«+) 



1 






/ 










'47ri / 



2(«-) ^^-^y^oC"-) 
^2 T^l 



plus a residue term 

iiu+) ^1 47riy« („+) T2 



T2 



It is clear that top order contributions can only come from the residue term. 
Using Fubini and pushing i^i{u~^) to ^^i(n~) we rewrite this as 

^J^ / dCip{C,Cl)X^UCuU+)^ I dC2p{ClX2)Xl{{C2,U+) 

'1 '2 

plus a residue, which we can write as 



-CT-!^ / dC2p(Cl,C2)Af4(C2,n+)-^ / dC3p(Cl,C3)< 2+.2(C3,t 

4^W.^j^^2+^2(«-) 
Pushing to in the first integral gives a singular term 

Ti+T2 T2 



,3,'" j, 

(3.11) 
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while pushing l^i{u^) to i-yiiu ) in the residue contributes a to Finally com- 
bining the singular terms (3.10) and (3.11) contributes a to Q: to see this just 
notice that in (3.10) the ray £^2{u~) approaches £^i_^^i(u^) in the counterclock- 
wise, while in (3.11) the ray i^2{u~) approaches it in the clockwise direction. So 
the total contribution of the upper diagrams to O is a, and taking into account 
the bottom diagrams too shows Q = 2a. For Joyce-Song theory we have 

u(7^,7l^72^7l) = i, ^hiihiiii) = -h, u(7l^72^72^7?) = o, 

U(7|,7i,7f,7i) = 0, U(72\72',7i,7f) = -|, U(7l, 7j , 72^ 7?) = | 

(with the symmetries 7i -H- 7^, 72 -H- 7^), from which we can compute (twisting 
by a) 

ll -72- 7? -7i ~4-f, 7I -7I -72 ^72 

7!- 72 -7?- li ~-4-f 

(the other orientations vanish). Similarly we have 

7i -72- 7! -7i ~4-f, -fl^ 7I- 7? -7I ~4-f 



7i- 72' -7?- 7I ~4-f, 7j- 7I -72 ^72 ~4-f 

while the other orientations vanish. So for the top diagrams we get a JS result of 
cr, which by symmetry is the same as the contribution of the bottom diagrams, 
giving a JS result of 2a. Moreover we find again that there is a unique way to 
give values to the singular terms (3.10), (3.11) so that Conjecture 1 holds, namely 
we should weigh (3.10) by ^ and (3.11) by - f. 

3.6. Seiberg-Witten with Nf = 3. Initially we have BPS rays 




where 7^'2''^'^ have the same image in F, and (71,72) = 1. We study the index 
^(Si 7i + 272) = We would need to consider the diagrams 
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272 



7i 



(a single diagram up to symmetry) 



7i 



7l 



7i — 72 — ^ 7r — ^ 72 



7i 



(3 distinguished diagrams) 



7i 



7i 72 



■ 72 



(a single diagram) 



7i 



7i 



72 *- 7i ^ 72 ^ 7i 



7i 

(6 distinguished diagrams). We only discuss the first diagram in detail. We have 
W = {-ifai^lhM, ^a(272)72)(272,a(7i)7i)(272,cT(7i)7{)(272,^(7i')7f) = H 

= (_l)(7i\272)(^_;^)(7i +272,7;) (^_;^)(7j +272+7; ,7^>(_l)(7^+272+7i+7^7^>4^^1 

= 4a-fl 
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(where of course a = cr{Y^ - 7^ + 272)) and an integral 



4a-^ / dCip(c,Ci)^5(Ci,n+)-^- / dC2P(Ci,C2)^4(C2,«^ 



/ dC5p(C2,C5)Af5(C5,n+). 



Pushing to then l^^{u^) to l^^{u~) gives a principal part 

4a-^ / dCip(C,Ci)'^5(Ci,^+)^ / dC2KCi,C2)A'|;,(C2,n+) 

dC5p(C2,C5)Af5(C5,«+), 



1 



plus a residue 



7^ ' Tl 



Clearly the only top order contributions can come from the residue term. Pushing 
to (for i = 3,4,5) we get a term 



(_i)34^_i f dCipicxi)^^' 

•'Si+72+7f+7* + 272^" ' 



7!+7?+7?+73'+272('^l'" 



and so a contribution of 4cj to il.. 
On the JS side, we have 

U(7j,7?,7i,7f,272;s,u;) = ^, U(7| , 7^2, 75*, 272, 7^ ; s, = 

U(7i,7?,272,7i,7i;'5,^i') =1, ^{lh'2l2,lf,li,lf;s,w) = -i 



U(272,7j,7?,7?,7i;s,«^^--- 



24' 

1 „,2 „,3 „,4 



from which we easily get, summing over permutations of 7i,7i,7i,7i, 
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